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Abstract:ȱWeȱstudiedȱtheȱsoftȱXȬrayȱdataȱofȱsolarȱflaresȱandȱfoundȱthatȱtheȱdistributionȱfunctionsȱofȱ
flareȱ fluenceȱ areȱ successfullyȱmodeledȱ byȱ taperedȱ powerȱ lawȱ orȱ gammaȱ functionȱ distributionsȱ
whoseȱpowerȱexponentȱisȱslightlyȱsmallerȱthanȱ2,ȱindicatingȱthatȱtheȱtotalȱenergyȱofȱtheȱflareȱpopuȬ
lationsȱisȱmostlyȱcontributedȱfromȱaȱsmallȱnumberȱofȱlargeȱflares.ȱTheȱlargestȱpossibleȱsolarȱflaresȱinȱ
1000ȱyearsȱareȱpredictedȱtoȱbeȱaroundȱX70ȱinȱtermsȱofȱtheȱGOESȱflareȱclass.ȱWeȱalsoȱstudiedȱsuperȬ
flaresȱ(moreȱenergeticȱthanȱsolarȱflares)ȱfromȱsolarȬtypeȱstars,ȱandȱfoundȱthatȱtheirȱpowerȱexponentȱ
inȱtheȱfittingȱofȱtheȱgammaȱfunctionȱdistributionȱisȱaroundȱ1.05,ȱmuchȱflatterȱthanȱsolarȱflares.ȱTheȱ
distributionȱfunctionȱofȱstellarȱflareȱenergyȱextrapolatedȱdownwardȱdoesȱnotȱconnectȱtoȱtheȱdistriȬ
butionȱfunctionȱofȱsolarȱflareȱenergy.ȱ
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1.ȱIntroductionȱ
Solarȱ flaresȱareȱ theȱmostȱenergeticȱphenomenaȱamongȱaȱwideȱvarietyȱofȱmagneticȱ

activitiesȱtakingȱplaceȱonȱtheȱSunȱ[1,ȱ2].ȱTheȱfirstȱflareȱobservationȱwasȱmadeȱbyȱCarringtonȱ
inȱ1859ȱinȱwhiteȱlightȱ[3],ȱandȱtheȱearlierȱobservationsȱwereȱrestrictedȱtoȱHĮȱemission.ȱLaterȱ
radioȱandȱXȬrayȱobservationsȱrevealedȱthatȱflaresȱheatȱtheȱcoronaȱfromȱitsȱnormalȱ1Ȭ2ȱMKȱ
stateȱtoȱ10ȱMKȱorȱbeyond.ȱThenȱitȱwasȱfoundȱinȱ1980sȱthatȱtheȱlargestȱfractionȱofȱenergyȱinȱ
flaresȱgoesȱ toȱ theȱkineticȱenergyȱofȱcoronalȱmassȱejectionsȱ (CMEs).ȱTheȱmostȱenergeticȱ
flaresȱliberateȱenergiesȱupȱtoȱ1033ȱergȱ[4].ȱNowȱitȱisȱalmostȱestablishedȱthatȱtheȱenergyȱreȬ
leaseȱinȱsolarȱflaresȱisȱdueȱtoȱmagneticȱreconnectionȱ[5].ȱ ȱ

Theȱnumberȱofȱflaresȱf(E)dEȱwithȱenergiesȱbetweenȱEȱandȱE+dEȱisȱdistributedȱroughlyȱ
inȱpowerȱlawȱ[6,ȱ7]ȱwithȱaȱnegativeȱexponent,ȱf(E)ȱ~ȱEƺĮ,ȱnamelyȱsmallerȱflaresȱareȱmoreȱ
numerous.ȱThisȱpropertyȱledȱParkerȱ[8]ȱtoȱproposeȱthatȱtheȱsolarȱcoronaȱmightȱbeȱheatedȱ
[9]ȱbyȱenergiesȱsuppliedȱfromȱnumerousȱsmallȱflares,ȱlaterȱcalledȱnanoflaresȱ(inȱcontrastȱ
toȱanotherȱclassȱofȱtheoryȱbasedȱonȱwavesȱ[10,ȱ11]).ȱHereȱtheȱimportantȱcriterionȱisȱwhetherȱ
theȱpowerȱlawȱindexȱĮ�isȱlargerȱorȱsmallerȱthanȱ2ȱ[12].ȱTheȱtotalȱenergyȱbroughtȱbyȱallȱtheȱ
flaresȱwithȱenergiesȱbetweenȱE1ȱandȱE2ȱisȱ

If�Į�>2ȱthenȱcontributionsȱfromȱsmallerȱeventsȱ(E1ˢ0)ȱdetermineȱtheȱtotalȱenergyȱinvolvedȱ
inȱtheȱflareȱphenomenon.ȱHowever,ȱforȱtheȱobservedȱflaresȱofȱmoderateȱorȱlargeȱsizesȱitȱisȱ
generallyȱbelievedȱthat�Į�<ȱ2ȱ(1.8ȱorȱso).ȱTherefore,ȱmoreȱcontributionsȱtoȱWȱcomeȱfromȱ
largerȱflares.ȱOnȱtheȱ largeȱenergyȱend,ȱ inȱtermsȱofȱspaceȱweatherȱ itȱhasȱbeenȱdiscussedȱ
howȱ frequentȱveryȱ largeȱ (extreme)ȱeventsȱwouldȱbeȱ [4].ȱRecentȱdiscoveryȱofȱenergeticȱ
flaresȱ(superflares)ȱfromȱsolarȬtypeȱ(oldȱandȱslowlyȱrotating)ȱstarsȱ[13,ȱ14]ȱhasȱstimulatedȱ
interestȱinȱsolarȱextremeȱevents.ȱ

InȱthisȱarticleȱweȱwillȱlookȱintoȱtheȱprobabilityȱdistributionȱfunctionsȱofȱsolarȱXȬrayȱ
flares.ȱAsȱnumericalȱmeasuresȱweȱuseȱbothȱXȬrayȱpeakȱfluxȱandȱXȬrayȱfluenceȱwhichȱisȱtheȱ
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timeȱintegrationȱofȱXȬrayȱflux.ȱTheȱpeakȱXȬrayȱfluxȱmayȱbeȱsubjectȱtoȱdetectorȱsaturationȱ
forȱveryȱlargeȱflaresȱ(X17ȱorȱlargerȱ[15]),ȱbutȱweȱexpectȱthatȱXȬrayȱfluenceȱdataȱwouldȱsufferȱ
lessȱinfluencesȱbecauseȱofȱtimeȱintegration.ȱTheȱdataȱweȱuseȱareȱtheȱsoftȱXȬrayȱobservationȱ
byȱtheȱGOESȱsatellitesȱ[16]ȱ(Figureȱ1).ȱInȱFigureȱ1ȱareȱplottedȱ7.9×104ȱflareȱeventsȱofȱpeakȱ
fluxȱaboveȱ10±7ȱWȱm±2ȱ(1975±2020)ȱandȱ3.4×104ȱeventsȱofȱfluenceȱaboveȱ5×10±5ȱJȱm±2ȱ(1997±
2020).ȱ

Inȱaȱforegoingȱstudyȱ[17],ȱtheȱpowerȱ lawȱ indicesȱofȱĮ=2.11ȱforȱXȬrayȱpeakȱfluxȱand�
Į=2.03ȱforȱXȬrayȱfluenceȱwereȱderived.ȱAlsoȱtheyȱpointedȱoutȱthatȱĮȱwouldȱbeȱ1.88ȱifȱtheȱ
backgroundȱintensityȱisȱsubtractedȱfromȱtheȱflareȱdata.ȱ ȱ

Ourȱconclusionsȱareȱthat,ȱalthoughȱtheȱdistributionsȱareȱroughlyȱpowerȱlaw,ȱatȱtheȱ
highȱenergyȱendȱtheyȱareȱtaperedȱoffȱexponentially.ȱTheȱpowerȱlawȱisȱaȱscaleȬfreeȱdistriȬ
bution,ȱandȱcouldȱbeȱaȱviableȱmodelȱ forȱphenomenaȱ takingȱplaceȱ inȱ scalesȱ sufficientlyȱ
smallerȱthanȱtheȱentireȱsystemȱ(theȱSunȱinȱtheȱpresentȱcase).ȱSolarȱflaresȱareȱpoweredȱbyȱ
magneticȱenergyȱstoredȱinȱsunspotȱregions,ȱandȱsinceȱsunspotȱsizesȱcannotȱexceedȱtheȱSunȱ
(orȱmoreȱeffectivelyȱlimitedȱbyȱtheȱdepthȱofȱtheȱconvectionȱzone),ȱaȱlimitȱisȱexpectedȱonȱ
theȱamountȱofȱenergyȱreleasedȱinȱflares.ȱTherefore,ȱaȱpowerȬlawȱextensionȱofȱtheȱdistribuȬ
tionȱoverestimatesȱ theȱ frequencyȱofȱ extremelyȱ largeȱ solarȱ flares.ȱWeȱwillȱbrieflyȱ touchȱ
uponȱtheȱenergyȱdistributionȱfunctionȱofȱstellarȱflaresȱandȱcompareȱitȱwithȱtheȱsolarȱflareȱ
caseȱinȱSectionȱ4.ȱ

ȱ
ȱ

(a)ȱ (b)ȱ

Figureȱ1.ȱSolarȱsoftȱXȬrayȱflaresȱdetectedȱbyȱtheȱGOESȱsatellites.ȱPanelsȱ(a)ȱandȱ(b)ȱshow,ȱrespectively,ȱ
peakȱfluxȱandȱfluenceȱofȱflaresȱasȱaȱfunctionȱofȱyear.ȱ

ȱ

2.ȱMaterialsȱandȱMethodsȱ
WeȱuseȱtheȱXȬrayȱfluxȱobservedȱinȱtheȱ0.1Ȭ0.8ȱnmȱbandȱofȱtheȱGOESȱXȬrayȱsensorsȱ

(1980±2020).ȱTheȱpeakȱfluxȱvaluesȱareȱtraditionallyȱexpressedȱ[18]ȱinȱtermsȱofȱAȱ(10±8ȱWȱm±2),ȱ
Bȱ(10±7ȱWȱm±2),ȱCȱ(10±6ȱWȱm±2),ȱMȱ(10±5ȱWȱm±2),ȱandȱXȱ(10±4ȱWȱm±2)ȱclasses.ȱNamely,ȱanȱM5.5ȱ
flareȱmeansȱaȱflareȱofȱpeakȱfluxȱ5.5×10±5ȱWȱm±2,ȱandȱanȱX12ȱflareȱhasȱaȱpeakȱfluxȱofȱ12×10±4ȱ
Wȱm±2.ȱTheȱdataȱareȱavailableȱfromȱ1975,ȱbutȱtheȱdataȱbeforeȱ1980ȱhadȱoneȬdigitȱaccuracyȱ
(C2,ȱM4,ȱetc.)ȱsoȱthatȱweȱuseȱtheȱdataȱafterȱ1980ȱwhichȱhaveȱtwoȬdigitȱaccuracyȱ(C2.1,ȱM3.9,ȱ
etc.).ȱTheȱdataȱafterȱ1997ȱalsoȱincludeȱtheȱfluenceȱvaluesȱ(timeȱintegrationȱofȱXȬrayȱflux).ȱ
InȱtheȱfollowingȱanalysisȱweȱhaveȱpickedȱupȱflaresȱwithȱpeakȱfluxȱaboveȱM3ȱorȱ3×10±5ȱWȱ
mȬ2ȱ (1980Ȭ2020,ȱ1720ȱevents)ȱandȱalsoȱ flaresȱwithȱ fluenceȱaboveȱ1×10±2ȱ Jȱm±2ȱ (1997Ȭ2020,ȱ
1945ȱevents).ȱWeȱhaveȱusedȱ theȱoldȱoperationalȱ scaleȱ insteadȱofȱ theȱnewȱ scienceȱ scaleȱ
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adoptedȱbyȱNOAAȱ[15]ȱ(operationalȱvaluesȱ=ȱ0.7ȱ×ȱscienceȱvalues).ȱTheȱpeakȱfluxȱdataȱofȱ
2020ȱandȱtheȱbackgroundȱdataȱofȱ2011±2020ȱwhichȱwereȱinȱtheȱscienceȱdatabaseȱhadȱbeenȱ
convertedȱtoȱtheȱoperationalȱscale.ȱ

Asȱpreviouslyȱsuggestedȱ [17],ȱbackgroundȱsubtractionȱmayȱaffectȱsignificantlyȱ theȱ
dataȱ fromȱsmallȱeventsȱparticularly.ȱHereȱweȱhaveȱadoptedȱaȱsimplifiedȱapproachȱandȱ
subtractedȱtheȱdailyȱbackgroundȱvalueȱfromȱtheȱflareȱpeakȱflux,ȱandȱtheȱvalueȱofȱtheȱbackȬ
groundȱtimesȱtheȱdurationȱfromȱtheȱfluenceȱdataȱ(theȱdurationȱofȱaȱflareȱcanȱbeȱcomputedȱ
fromȱtheȱflareȱstartȱandȱendȱtimesȱgivenȱinȱtheȱdatabase).ȱTheȱbackgroundȱsubtractionȱwasȱ
notȱappliedȱforȱ1980Ȭ1983ȱAprilȱ(dataȱnotȱavailable)ȱandȱonȱotherȱdaysȱwithȱnoȱbackgroundȱ
dataȱavailable,ȱandȱwhenȱtheȱbackgroundȱexceedsȱtheȱflareȱintensityȱ(e.g.ȱwhenȱtheȱbackȬ
groundȱwasȱtooȱhighȱbecauseȱofȱaȱprecedingȱflare).ȱ ȱ

WeȱwillȱworkȱonȱtheȱcomplementaryȱcumulativeȱdistributionȱfunctionȱCCDF(F)ȱofȱ
fluenceȱFȱdefinedȱasȱ[19]ȱ

CCDF(F)=n(fluenceȱǃȱF)/N,ȱ (2)

whereȱN=1945ȱ isȱ theȱ totalȱnumberȱofȱeventsȱunderȱ study.ȱTheȱprobabilityȱdistributionȱ
functionȱ(PDF)ȱisȱdefinedȱbyȱ

PDF(F)=െ�ሺ���	ሻ
�ி

,ȱ (3)

butȱhereȱweȱwillȱuseȱtheȱflareȱoccurrenceȱrateȱdefinedȱbyȱ

f(F)=PDF(F)ȱ
ே
ఛ���

,ȱ (4)

whereȱΘobsȱisȱtheȱtotalȱdurationȱofȱdataȱ(24ȱyears).ȱTheȱdimensionȱofȱfȱ(F)ȱisȱ1/(Jȱm±2ȱday).ȱ
Figureȱ2ȱshowsȱCCDF(F)ȱ(a)ȱandȱf(F)ȱ(b).ȱ

WeȱcanȱlikewiseȱdefineȱtheȱquantitiesȱforȱXȬrayȱpeakȱfluxȱFp,ȱwithȱNp=1720ȱandȱΘobs,pȱ
=41ȱyears.ȱTheȱdimensionȱofȱf(Fp)ȱisȱ1/(Wȱm±2ȱday).ȱ
ȱ
ȱ

ȱ ȱ
(a)ȱ (b)ȱ

Figureȱ2.ȱComplementaryȱcumulativeȱdistributionȱfunctionȱ(a)ȱandȱoccurrenceȱratesȱ(b)ȱofȱflareȱfluȬ
enceȱF.ȱTheȱhistogramȱinȱpanelȱ(b)ȱisȱmadeȱwithȱaȱbinȱsizeȱofȱ̇log10F=0.2.ȱShortȱverticalȱbarsȱindicateȱ
statisticalȱerrorsȱofȱsqrt(n)ȱonȱtheȱbinsȱwithȱcountsȱn.ȱ

ȱ
ȱ
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WeȱtryȱtoȱfitȱtheȱobservedȱCCDFȱbyȱfourȱkindsȱofȱmodels;ȱpowerȱlaw,ȱtaperedȱpowerȱ
law,ȱgammaȱfunction,ȱandȱWeibullȱdistributions.ȱTheȱpowerȱlawȱdistributionȱisȱdefinedȱ
byȱ[19]ȱ

CCDF(F)=ቀி
ிబ
ቁ
ିఈାଵ

,ȱPDF(F)=
ఈିଵ
ிబ
ቀி
ிబ
ቁ
ିఈ

,ȱ (5)

whereȱĮ>1ȱandȱF0ȱ (=1×10±2ȱ Jȱm±2;ȱF0p=3×10±5ȱWȱm±2ȱ forȱ theȱpeakȱ fluxȱdata)ȱ isȱ theȱ lowerȱ
boundaryȱofȱtheȱfitting.ȱTheȱotherȱthreeȱareȱtwoȬparameterȱmodels.ȱTheȱtaperedȱpowerȱ
lawȱdistributionȱisȱdefinedȱbyȱ[20]ȱ

CCDF(F)=ቀி
ிబ
ቁ
ିఈାଵ

��� ቂെߚ ிିிబ
ிబ
ቃ,ȱ ȱ (6)

whereȱĮ>1,ȱȕ>0.ȱTheȱgammaȱfunctionȱdistributionȱisȱdefinedȱbyȱ[20]ȱ

PDF(F)=
஼
ிబ
ቀி
ிబ
ቁ
ିఈ
��� ቂെߚ ிିிబ

ிబ
ቃ,ȱ ܥ ൌ ఉభషഀ

ிబ୻ሺଵିఈǡ�ఉሻ
,ȱ (7)

whereȱĮ>1,ȱȕ>0,ȱandȱīȱisȱtheȱincompleteȱgammaȱfunction.ȱTheȱCCDFȱofȱtheȱgammaȱfuncȬ
tionȱdistributionȱisȱgivenȱasȱ

CCDF(F)=
୻ሺଵିఈǡ ఉிȀிబሻ
୻ሺଵିఈǡ ఉሻ

Ǥ� (6)

Theȱtaperedȱpowerȱlawȱandȱgammaȱfunctionȱdistributionsȱhaveȱbeenȱusedȱinȱgeophysicsȱ
inȱrepresentingȱtheȱdistributionsȱofȱearthquakeȱmagnitudesȱ[21],ȱinȱcontrastȱtoȱtheȱpowerȱ
lawȱdistributionȱwhichȱisȱcalledȱtheȱGutenbergȬRichterȱrelationȱinȱseismologyȱ[22,ȱ23].ȱ

TheȱWeibullȱdistributionȱisȱdefinedȱbyȱ

CCDF(F)=��� ൤െߚ ቀி
ிబ
ቁ
௞
൅ ൨,ȱߚ (8)

whereȱk>0,ȱȕ>0.ȱTheȱWeibullȱdistributionȱwasȱfirstȱintroducedȱtoȱevaluateȱtheȱfailureȱratesȱ
ofȱindustrialȱproductsȱ[24].ȱ ȱ

Theȱ parametersȱ canȱ beȱ determinedȱ byȱ usingȱ theȱmaximumȱ likelihoodȱmethod,ȱ
namelyȱbyȱmaximizingȱtheȱlogȬlikelihoodȱ(LLH)ȱdefinedȱbyȱ

LLH=σ �� ��	ሺܨ௜ሻே
௜ୀଵ Ǥȱ (9)

Specificȱ formsȱofȱ theȱmaximumȬlikelihoodȱ solutionsȱ canȱbeȱ foundȱ inȱ theȱ literatureȱ forȱ
powerȱlawȱ[19],ȱtaperedȱpowerȱlawȱ[25],ȱgammaȱfunctionȱ[20],ȱandȱWeibullȱ[26]ȱdistribuȬ
tions.ȱTheȱgoodnessȱofȱfitȱcanȱbeȱevaluatedȱbyȱtheȱKolmogorovȬSmirnovȱ(KȬS)ȱtestȱ[27],ȱ
whichȱ usesȱ theȱ maximumȱ differenceȱ betweenȱ theȱ observedȱ andȱ theoreticalȱ CCDFs.ȱ
WhetherȱoneȱmodelȱisȱsuperiorȱtoȱtheȱothersȱcanȱbeȱestimatedȱbyȱAkaike’sȱInformationȱ
Criterionȱ(AIC)ȱ[28]ȱgivenȱbyȱ

AIC=ƺ2ȉLLHȱ+ȱ2K,ȱ (10)

whereȱKȱisȱtheȱnumberȱofȱparametersȱusedȱforȱfittingȱ(K=1ȱforȱpowerȱlaw,ȱK=2ȱforȱtheȱotherȱ
threeȱmodels).ȱByȱintroducingȱmoreȱparameters,ȱtheȱfittingȱwillȱimproveȱandȱoneȱmayȱgetȱ
largerȱLLH,ȱbutȱmeaningfulȱimprovementȱrequiresȱthatȱAICȱdecreasesȱsufficientlyȱ(reducȬ
tionȱinȱAICȱofȱaboutȱ9Ȭ11ȱ[29]).ȱAȱsimilarȱanalysisȱwasȱconductedȱbyȱthisȱauthorȱonȱtheȱ
areaȱdistributionȱofȱsunspotsȱ[30].ȱ ȱ

Statisticalȱerrorsȱinȱtheȱdeterminedȱparameterȱvaluesȱcanȱbeȱestimatedȱbyȱgeneratingȱ
manyȱstatisticalȱdistributionsȱfromȱtheȱsameȱparameterȱvaluesȱandȱbyȱseeingȱtheȱdistribuȬ
tionsȱofȱtheȱfittedȱparameterȱvaluesȱ(parametricȱbootstrapȱmethodȱ[31]).ȱTheȱerrorsȱgivenȱ
inȱTablesȱ1ȱandȱ2ȱareȱtheȱoneȬsigmaȱerrorsȱthusȱderived.ȱ

ȱ
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3.ȱResultsȱ
Tablesȱ1ȱandȱ2ȱsummarizeȱtheȱfittingȱresultsȱforȱXȬrayȱfluenceȱandȱpeakȱflux,ȱrespecȬ

tively.ȱǻAICȱ isȱ theȱdifferenceȱ inȱAICȱ fromȱ theȱsmallestȱAICȱvalueȱ (indicatingȱ theȱmostȱ
likelyȱmodel)ȱamongȱallȱtheȱmodels,ȱandȱmodelsȱwithȱ̇AICȱذȱ 9±11ȱareȱpoorlyȱsupportedȱ
comparedȱtoȱtheȱ̇AIC=0ȱmodel.ȱTherefore,ȱweȱcanȱconcludeȱthatȱtheȱpowerȱlawȱmodel,ȱ
shownȱinȱFigureȱ3,ȱisȱnotȱfavorableȱcomparedȱtoȱtheȱotherȱtwoȬparameterȱmodels.ȱ

ȱ

ȱ ȱ
(a)ȱ (b)ȱ

Figureȱ3.ȱ(a)ȱTheȱblueȱlineȱshowsȱtheȱpowerȬlawȱfitȱtoȱtheȱobservedȱCCDFȱofȱGOESȱ
flareȱfluenceȱdata.ȱ(b)ȱTheȱderivedȱpowerȬlawȱdistributionȱoverplottedȱonȱtheȱobservedȱ
flareȱoccurrenceȱrateȱhistogram.ȱInȱbothȱpanelsȱtheȱverticalȱdashedȱlineȱindicatesȱtheȱlowerȱ
boundaryȱ(1×10±2ȱJȱm±2)ȱofȱdataȱusedȱforȱfitting.ȱ

ȱ
AȱmodelȱcanȱbeȱrejectedȱbyȱtheȱKȬSȱtestȱbyȱexaminingȱitsȱmeasure,ȱ¥Nȱ×ȱKS,ȱwhereȱKSȱ

isȱtheȱmaximumȱdifferenceȱbetweenȱtheȱobservedȱandȱmodelȱCCDFs.ȱTheȱprobabilityȱthatȱ
theȱobservedȱ¥Nȱ×KSȱvalueȱorȱlargerȱisȱobtainedȱ(theȱ“KSȱPȬvalue”ȱinȱTablesȱ1ȱandȱ2)ȱisȱ
givenȱanalyticallyȱasȱtheȱKolmogorovȬSmirnovȱfunctionȱwhichȱhasȱonlyȱaȱweakȱdependȬ
enceȱonȱ¥Nȱregardlessȱofȱtheȱmodelsȱassumedȱ[32].ȱIfȱtheȱvalueȱofȱ¥Nȱ×ȱKSȱisȱlargeȱandȱtheȱ
correspondingȱKSȱPȬvalueȱisȱsmall,ȱweȱcanȱconcludeȱthatȱtheȱmodelȱisȱrejected.ȱHowever,ȱ
weȱfoundȱthatȱtheȱKSȱmeasuresȱareȱgenerallyȱsmallȱandȱtheȱPȬvaluesȱareȱnotȱsoȱsmallȱevenȱ
forȱtheȱpowerȬlawȱmodels.ȱThisȱhappensȱbecauseȱtheȱKȬSȱtestȱisȱnotȱsensitiveȱtoȱmisfittingȱ
atȱtheȱtailȱofȱtheȱdistributions.ȱIfȱweȱreduceȱF0,ȱtheȱfittingȱdegradesȱandȱeventuallyȱallȱtheȱ
modelsȱtendȱtoȱbeȱrejectedȱbyȱtheȱKȬSȱtest.ȱTheȱambiguitiesȱinȱsettingȱtheȱlowerȱboundȱF0ȱ
ofȱtheȱprobabilityȱdistributionȱfunctionȱwillȱbeȱdiscussedȱinȱSectionȱ4.ȱ

3.1.ȱTaperedȱPowerȱLawȱandȱGammaȱFunctionȱDistributionsȱ
Theseȱtwoȱmodelsȱ(Figuresȱ4(a),ȱ(b))ȱshowȱsimilarȱperformanceȱinȱtermsȱofȱǻAIC.ȱTheȱ

powerȬlawȱindicesȱĮȱforȱtheȱfluenceȱareȱ1.973ȱforȱtheȱtaperedȱpowerȱlawȱmodelȱandȱ1.949ȱ
forȱtheȱgammaȱfunctionȱmodel.ȱConsideringȱoneȬsigmaȱerrorsȱweȱmayȱstillȱsayȱthatȱtheȱ
valuesȱofȱĮȱareȱlessȱthanȱ2,ȱnamelyȱtheȱtotalȱenergyȱofȱallȱtheȱflareȱpopulationsȱisȱcontribȬ
utedȱprimarilyȱfromȱlargeȱevents.ȱTheȱvaluesȱofȱĮȱforȱtheȱpeakȱfluxȱareȱ2.077ȱforȱtheȱtaperedȱ
powerȱlawȱmodelȱandȱ2.040ȱforȱtheȱgammaȱfunctionȱmodel,ȱlargerȱthanȱ2.ȱTheseȱvaluesȱ
generallyȱagreeȱwithȱ[17].ȱ

ȱ
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3.2.ȱWeibullȱDistributionȱ
InȱtermsȱofȱǻAIC,ȱtheȱWeibullȱdistributionȱ(Figureȱ4(c))ȱcannotȱbeȱdismissedȱbutȱisȱ

supportedȱonlyȱmarginallyȱ(30ȱtimesȱlessȱlikelyȱthanȱtheȱ̇AIC=0ȱmodel).ȱ
ȱ IfȱweȱextendȱtheȱdistributionȱtoȱFȱ<<ȱF0,ȱtheȱWeibullȱPDFȱapproachesȱaȱpowerȱlawȱ

withȱexponentȱ1±k.ȱTherefore,ȱtheȱfluenceȱPDFȱwillȱbehaveȱlikeȱF–ȱ(1–k)=F–0.935,ȱwhichȱisȱsigȬ
nificantlyȱflatterȱthanȱtheȱtaperedȱpowerȱlawȱandȱgammaȱfunctionȱdistributions.ȱThisȱisȱ
anotherȱ reasonȱwhyȱ theȱWeibullȱdistributionȱ isȱ notȱ favoredȱ comparedȱ toȱ theȱ taperedȱ
powerȱlawȱandȱgammaȱfunctionȱdistributions.ȱ
ȱ
ȱ

Tableȱ1.ȱDerivedȱparametersȱforȱXȬrayȱfluenceȱdistributionsȱ(F0=1×10Ȭ2ȱJȱmȬ2,ȱN=1945).ȱ

Modelȱ Į ȕ ǻAICȱ ¥Nȱ×KSȱ .�6�3�YDOXH
Powerȱlawȱ 2.015±0.023ȱ ȱ 11.6ȱ 0.69ȱ 0.72ȱ
Taperedȱpowerȱlaw 1.973±0.021 0.00948±0.0031 0.00ȱ 0.47ȱ 0.98
Gammaȱfunctionȱ 1.949±0.032ȱ 0.00448±0.0020 1.10ȱ 0.57ȱ 0.90ȱ
Weibullȱ k=0.0648±0.0242 14.7±5.9ȱ 7.20ȱ 0.69ȱ 0.73ȱ

ȱ ȱ

(a)ȱ (b)ȱ

ȱ

Figureȱ4.ȱTheȱCCDFsȱofȱflareȱfluenceȱdataȱ
fittedȱbyȱ(a)ȱaȱtaperedȱpowerȱlaw,ȱ(b)ȱaȱ
gammaȱfunctionȱdistribution,ȱandȱ(c)ȱaȱ
Weibullȱdistribution.ȱInȱeachȱpanelȱtheȱ
verticalȱdashedȱlineȱindicatesȱtheȱlowerȱ
boundaryȱ(1×10±2ȱJȱm±2)ȱofȱdataȱusedȱforȱ
fitting.ȱ

ȱ

(c)ȱ ȱ
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Tableȱ2.ȱDerivedȱparametersȱforȱXȬrayȱpeakȱfluxȱdistributionsȱ(F0p=3×10Ȭ5ȱWȱmȬ2ȱ,ȱN=1720).ȱ

Modelȱ Į ȕ ǻAICȱ ¥Nȱ×KSȱ .�6�3�YDOXH
Powerȱlawȱ 2.162±0.028 15.7ȱ 0.89ȱ 0.41
Taperedȱpowerȱlaw 2.077±0.032ȱ 0.026±0.007ȱ 0.00ȱ 0.40ȱ 0.99ȱ
Gammaȱfunctionȱ 2.040±0.045ȱ 0.014±0.005ȱ 1.48ȱ 0.44ȱ 0.99ȱ
Weibullȱ k=0.0104±0.030ȱ 10.2±3.3ȱ 7.00ȱ 0.57ȱ 0.90ȱ
ȱ
ȱ

3.3.ȱComparisonȱwithȱPublishedȱResultsȱ
SimilarȱanalysesȱhaveȱbeenȱmadeȱbyȱVeronigȱetȱal.ȱ[17]ȱusingȱtheȱpowerȱlawȱmodelȱ

(AppendixȱA)ȱandȱbyȱGopalswamyȱ[33]ȱusingȱtheȱWeibullȱfunctionȱmodelȱ(AppendixȱB).ȱ
Figureȱ5ȱcomparesȱtheȱpresentȱresultsȱwithȱtheseȱpublications.ȱOurȱtaperedȱpowerȱlawȱandȱ
gammaȱfunctionȱdistributionsȱshowȱsimilarȱbehaviors.ȱTheȱpowerȱlawȱdistributionsȱdeȬ
rivedȱbyȱ[17]ȱroughlyȱfollowȱourȱdataȱhistogramsȱbutȱdeviatesȱfromȱtheȱdataȱatȱtheȱhigherȱ
endȱofȱtheȱdata.ȱTheȱWeibullȱdistributionsȱ(bothȱoursȱandȱofȱ[33])ȱbecomeȱflatterȱatȱtheȱ
smallerȱendsȱandȱdecayȱlessȱatȱtheȱhigherȱends.ȱ

Inȱtheȱfollowingȱweȱwillȱonlyȱconsiderȱtheȱgammaȱfunctionȱdistributions.ȱTheȱWeibullȱ
distributionsȱareȱlessȱfavorableȱasȱdescribedȱbefore.ȱTheȱtaperedȱpowerȱlawȱPDFsȱareȱmadeȱ
ofȱaȱmixtureȱofȱtwoȱpowerȬlawȱexponentsЍandЍ±1,ȱandȱthisȱsometimesȱmayȱleadȱtoȱunȬ
desirableȱfeaturesȱ[30].ȱ
ȱ

ȱ ȱ
(a)ȱ (b)ȱ

Figureȱ5.ȱOurȱanalysisȱresultsȱareȱcomparedȱwithȱpreviousȱpublications.ȱPanelsȱ(a)ȱandȱ(b),ȱrespecȬ
tively,ȱshowȱtheȱflareȱoccurrenceȱratesȱ(PDFs)ȱforȱfluenceȱandȱpeakȱflux.ȱTheȱthickȱblackȱhistogramsȱ
areȱtheȱobservedȱPDFs.ȱRed,ȱolive,ȱandȱtealȱcurvesȱindicateȱtaperedȱpowerȱ law,ȱgammaȱfunction,ȱ
andȱWeibullȱdistributionsȱfittedȱtoȱtheȱdata.ȱPurpleȱandȱgreenȱcurvesȱareȱpowerȱlawȱ[17]ȱandȱWeibullȱ
[33]ȱfitsȱinȱtheȱpreviousȱpublications.ȱTheȱverticalȱdashedȱlinesȱindicateȱtheȱlowerȱboundaryȱinȱdataȱ
usedȱforȱfitting,ȱnamelyȱ1×10±2ȱJȱm±2ȱforȱfluenceȱandȱM3ȱ(3×10±5ȱWȱm±2ȱ)ȱforȱpeakȱflux,ȱrespectively.ȱ

ȱ

3.4.ȱPredictionȱofȱExtremeȱEventsȱ
Basedȱonȱourȱfitȱtoȱtheȱflareȱfluenceȱdataȱinȱtermsȱofȱtheȱgammaȱfunctionȱdistribution,ȱ

weȱwillȱestimateȱtheȱexpectedȱratesȱofȱlargeȱflares.ȱTheȱtotalȱsoftȱXȬrayȱenergyȱemitted,ȱEX,ȱ
isȱgivenȱinȱtermsȱofȱtheȱXȬrayȱflareȱfluenceȱFȱasȱ
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EXȱ=ȱ2ʌ×ȱ(1ȱau)2ȱ×ȱF×107.ȱ (11)

HereȱFȱisȱinȱJȱmƺ2,ȱEXȱisȱinȱerg,ȱandȱ1ȱastronomicalȱunitȱ(au)ȱ=ȱ1.5×1011ȱm.ȱFromȱthisȱweȱmayȱ
estimateȱErad,ȱtheȱtotalȱradiatedȱenergyȱallȱoverȱtheȱelectromagneticȱspectrumȱ(contributedȱ
mostlyȱfromȱUV)ȱinȱerg,ȱasȱ[34]ȱ

Eradȱ=ȱ1.03ȱ×109ȱ×ȱEX0.766,ȱ (12)

andȱroughlyȱweȱassumeȱthatȱtheȱflareȱtotalȱenergyȱ(kineticȱplusȱradiative)ȱisȱ4ȱtimesȱthisȱ
quantityȱ[34,ȱ35].ȱFinally,ȱtheȱquantitiesȱderivedȱfromȱtheȱflareȱfluenceȱdataȱcanȱbeȱtransȬ
latedȱintoȱtheȱflareȱpeakȱfluxȱFpȱ(Jȱmƺ2)ȱroughlyȱbyȱ

Fpȱ§ȱ7.93×10±4ȱ×ȱF0.945,ȱ (13)

whichȱisȱtheȱrelationȱderivedȱfromȱourȱdata.ȱ
Usingȱtheseȱrelations,ȱweȱhaveȱtranslatedȱourȱprobabilityȱdistributionȱfunctionȱforȱ

softȱXȬrayȱfluenceȱtoȱflareȱpeakȱfluxȱandȱtotalȱflareȱenergyȱasȱinȱTablesȱ3aȱandȱ3b.ȱTableȱ3aȱ
gives,ȱforȱaȱspecifiedȱvalueȱofȱflareȱfluence,ȱtheȱapproximateȱpeakȱflux,ȱenergy,ȱandȱintervalȱ
ofȱflaresȱexceedingȱtheȱspecifiedȱfluence.ȱTableȱ3bȱgives,ȱforȱaȱspecifiedȱintervalȱofȱaȱflare,ȱ
theȱflareȱfluence,ȱpeakȱflux,ȱandȱenergy.ȱTheȱnumbersȱareȱbasedȱonȱtheȱgammaȱfunctionȱ
distributionȱofȱ΅=1.949,ȱΆ=0.00448.ȱTheȱsecondȱnumbersȱafterȱaȱslashȱareȱderivedȱbyȱasȬ
sumingȱoneȬsigmaȱerrorsȱ(΅=1.949+0.021,ȱΆ=0.00448±0.0010ȱbecauseȱtheȱerrorsȱareȱcorreȬ
lated).ȱ

ȱ
ȱ

Tableȱ3a.ȱPredictedȱflareȱintervalsȱasȱaȱfunctionȱofȱXȬrayȱfluenceȱvaluesȱ(gammaȱfunctionȱdistribuȬ
tion,ȱ΅=1.949±0.032,ȱΆ=0.00448±0.0020).ȱTheȱsecondȱnumbersȱafterȱaȱslashȱareȱderivedȱbyȱassumingȱ
oneȬsigmaȱerrorsȱ(΅=1.949+0.032,ȱΆ=0.00448Ȭ0.0020).ȱ

XȬrayȱfluenceȱ
(JȱmȬ2)ȱ

Approx.ȱ ȱ
GOESȱfluxȱ

Totalȱenergyȱ
ȱ (erg)ȱ

Intervalȱ ȱ
(years)ȱ

1.0×10±2ȱ M1.0ȱ 1.5×1031ȱ 1.3×10±2/1.3×10±2ȱ
1.0×10±1ȱ M9.0ȱ 8.8×1031ȱ 1.4×10±1/1.4×10±�ȱ
1.0×100ȱ ȱ X7ȱ 5.1×1032ȱ 3.0×100ȱ/2.3×100ȱ ȱ
2.0×100ȱ ȱ X15 8.7×1032 1.2×101ȱ/7.3×10�

5.0×100ȱ ȱ X36ȱ 1.8×1033ȱ 1.8×102ȱ/5.6×101ȱ ȱ
6.3×100ȱ ȱ X45�ȱ 2.1×1033ȱ 4.6×102ȱ/1.1×102ȱ ȱ

�ȱCarringtonȱeventȱ(1859ȱSept.1)ȱ[34].ȱ

Tableȱ 3b.ȱ Predictedȱ flareȱ sizesȱ asȱ aȱ functionȱ ofȱ flareȱ intervalsȱ (gammaȱ functionȱ distribution,ȱ
΅=1.949±0.032,ȱΆ=0.00448±0.0020).ȱTheȱsecondȱnumbersȱafterȱaȱslashȱareȱderivedȱbyȱassumingȱoneȬ
sigmaȱerrorsȱ(΅=1.949+0.032,ȱΆ=0.00448Ȭ0.0020).ȱ

XȬrayȱfluenceȱ
(JȱmȬ2)ȱ

Approx.ȱ ȱ
GOESȱfluxȱ Totalȱenergyȱ(erg)ȱ

Intervalȱ
(years)ȱ

6.5×100/9.9×100ȱ X46/X69 2.2×1033/3.0×1033ȱ 1.0×103
1.0×101/1.6×101ȱ X70/X108ȱ 3.0×1033/4.3×1033ȱ 1.0×104ȱ
1.4×101/2.3×101ȱ X95/X152ȱ 3.8×1033/5.6×1033ȱ 1.0×105ȱ
1.8×101/3.0×101ȱ X122/X197ȱ 4.7×1033/6.9×1033ȱ 1.0×106ȱ
2.7×101/4.6×101ȱ X177/X293ȱ 6.3×1033/9.5×1033ȱ 1.0×108ȱ
3.4×101/5.9×101ȱ X224�;���ȱ 7.7×1033/1.2×1034ȱ 4.6×109ȱ
ȱ
FromȱthisȱtableȱweȱfindȱthatȱtheȱCarringtonȱeventȱinȱ1859ȱSeptemberȱ1,ȱwhichȱisȱestiȬ

matedȱtoȱbeȱanȱX45ȱflareȱ[34],ȱmayȱtakeȱplaceȱeveryȱ460ȱyears,ȱorȱeveryȱ110ȱyearsȱifȱweȱ
allowȱoneȬsigmaȱerrorsȱinȱ΅ȱandȱΆ.ȱTheȱlargestȱflareȱinȱ1000ȱyearsȱwouldȱbeȱX46,ȱorȱX69ȱ(orȱ
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X70ȱasȱaȱroundȱnumber)ȱifȱweȱallowȱoneȬsigmaȱerrors.ȱIfȱweȱwaitȱforȱtheȱageȱofȱtheȱsolarȱ
systemȱ(4.6×109ȱyears),ȱtheȱlargestȱflareȱweȱexperienceȱwouldȱbeȱX224,ȱorȱX374ȱifȱweȱallowȱ
oneȬsigmaȱerrors.ȱ

4.ȱDiscussionȱ
Recentȱdiscoveryȱofȱenergeticȱflaresȱ(calledȱsuperflares)ȱonȱsolarȬtypeȱstarsȱobservedȱ

withȱtheȱKeplerȱsatelliteȱ[36]ȱ(whoseȱmainȱtargetsȱareȱexoplanets,ȱbyȱhighȬprecisionȱphoȬ
tometryȱtoȱdetectȱtheȱbrightnessȱdecreaseȱdueȱtoȱtheȱtransitȱofȱplanets)ȱhasȱattractedȱattenȬ
tionȱ inȱrelationȱtoȱextremeȱeventsȱthatȱmightȱhappenȱonȱourȱSunȱ[13,ȱ14,ȱ37,ȱ38].ȱThoseȱ
stellarȱflaresȱareȱobservedȱinȱtheȱvisibleȱlight;ȱinȱtheȱcaseȱofȱsolarȱflaresȱtheȱemissionȱinȱtheȱ
visibleȱlightȱisȱdetectedȱonlyȱfromȱintenseȱflaresȱ(calledȱ“whiteȬlightȱflares”)ȱ[1].ȱ ȱ

Asȱanȱapplicationȱofȱtheȱanalysisȱmethodsȱdescribedȱinȱthisȱpaper,ȱweȱhaveȱstudiedȱ
theȱenergyȱdistributionȱfunctionsȱofȱstellarȱflares.ȱByȱusingȱtheȱmostȱrecentȱdatabaseȱonȱ
superflaresȱfromȱsolarȬtypeȱstarsȱ(GȬtypeȱmainȬsequenceȱstarsȱwithȱeffectiveȱtemperatureȱ
ofȱ5600ƺ6000ȱKȱandȱrotationȱperiodȱlongerȱthanȱ20ȱdays)ȱwhichȱcarefullyȱremovedȱconȬ
taminationsȱfromȱbinariesȱorȱevolvedȱstarsȱ[39],ȱweȱobtainedȱFigureȱ6ȱ(panelȱ(a)ȱforȱCCDFȱ
andȱpanel(b)ȱforȱPDF).ȱTheȱdataȱcontainȱ2341ȱflaresȱfromȱ265ȱstarsȱobservedȱoverȱ4ȱyears.ȱ
Bothȱpowerȱ lawȱ (blue)ȱandȱgammaȱ functionȱ (olive)ȱmodelȱ fitsȱareȱshown.ȱHereȱ theȱasȬ
sumptionȱisȱthatȱtheȱobservedȱdistributionȱfunctionȱmayȱmimicȱaȱhypotheticalȱdistributionȱ
functionȱofȱflaresȱfromȱaȱsingleȱSunȬlikeȱstarȱobservedȱoverȱ4×265=1060ȱyears.ȱ

TheȱvalueȱofȱǻAICȱofȱtheȱpowerȱlawȱmodelȱisȱaboutȱ90ȱcomparedȱtoȱtheȱgammaȱfuncȬ
tionȱdistribution,ȱsoȱthatȱtheȱpowerȱlawȱisȱunfavorableȱcomparedȱtoȱtheȱgammaȱfunctionȱ
distribution.ȱTheȱpowerȱlawȱmodelȱgivesȱaȱKȬSȱmeasureȱ¥Nȱ×ȱKSȱ=ȱ4.2ȱandȱitsȱPȬvalueȱisȱ
infinitesimallyȱ small.ȱ Theȱ gammaȱ functionȱmodelȱ givesȱ theȱ parameterȱ valuesȱ ΅=1.05,ȱ
Ά=0.16.ȱTheȱPȬvalueȱfromȱtheȱKȬSȱtestȱisȱ0.39ȱandȱnotȱsoȱhigh,ȱindicatingȱroomȱforȱbetterȱ
modelȱofȱdistributionȱfunctions.ȱ

ȱ

(a)ȱ (b)ȱ

Figureȱ6.ȱStatisticalȱdistributionsȱofȱflaresȱonȱsolarȬtypeȱstars.ȱPanelȱ(a)ȱshowsȱCCDFȱandȱaȱpowerȬ
lawȱ(blue)ȱandȱgammaȱfunctionȱdistributionȱ(olive)ȱfits,ȱrespectively.ȱPanelȱ(b)ȱshowsȱtheȱhistogramȱ
ofȱflareȱoccurrenceȱratesȱandȱtheȱderivedȱpowerȱlawȱandȱgammaȱfunctionȱdistributions.ȱTheȱdataȱareȱ
fromȱ[38].ȱInȱeachȱpanelȱtheȱverticalȱdashedȱlineȱindicatesȱtheȱlowerȱboundaryȱ(3×1034ȱerg)ȱofȱdataȱ
usedȱforȱfitting.ȱ

IfȱweȱcombineȱFigureȱ6ȱandȱFigureȱ4bȱafterȱconvertingȱflareȱfluenceȱtoȱradiatedȱenergyȱ
inȱtheȱlatter,ȱweȱobtainȱFigureȱ7.ȱTheȱF0ȱvalueȱofȱtheȱGOESȱflareȱfluence,ȱF0=1×10±2ȱJȱm±2,ȱisȱ
translatedȱtoȱtheȱradiatedȱenergyȱofȱ3.8×1030ȱerg.ȱItȱcanȱbeȱclearlyȱseenȱthatȱtheȱPDFȱofȱsolarȱ
flaresȱdoesȱnotȱconnectȱtoȱtheȱstellarȱflareȱPDFȱbutȱdecaysȱatȱanȱenergyȱofȱapproximatelyȱ
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1033.5ȱerg.ȱLikewise,ȱtheȱPDFȱofȱstellarȱflaresȱhasȱaȱflatterȱdistributionȱandȱdoesȱnotȱconnectȱ
toȱtheȱPDFȱofȱsolarȱflares.ȱAlthoughȱsolarȱandȱstellarȱflaresȱareȱbothȱbelievedȱtoȱbeȱpoweredȱ
byȱmagneticȱenergyȱ(mostȱlikelyȱbyȱmagneticȱreconnection)ȱofȱspottedȱregions,ȱtheȱdistriȬ
butionsȱofȱtheȱsizeȱandȱmagneticȱfieldȱstrengthȱinȱstarspotsȱwouldȱnotȱbeȱtheȱsameȱasȱinȱ
sunspotsȱandȱmayȱhaveȱaȱwiderȱvariety,ȱbecauseȱofȱdifferentȱinternalȱstructuresȱandȱrotaȬ
tionȱperiods.ȱStellarȱflaresȱmayȱhaveȱaȱvarietyȱofȱpowerȬexponentȱvalues,ȱandȱtheȱpresentȱ
resultsȱofȱ΅=1.95ȱforȱsolarȱflaresȱandȱ΅=1.05ȱforȱstellarȱflaresȱareȱ justȱtwoȱexamplesȱandȱ
thereȱmightȱbeȱaȱcontinuousȱdistributionȱofȱ΅ȱbetweenȱ1ȱandȱ2.ȱ

ȱ

ȱ
Figureȱ7.ȱComparisonȱofȱsolarȱandȱstellarȱflareȱenergyȱdistributions.ȱBlackȱandȱpurpleȱhistogramsȱ
showȱtheȱoccurrenceȱratesȱofȱsolarȱXȬrayȱflaresȱandȱstellarȱflaresȱ[38].ȱTheȱoliveȱcurvesȱareȱfitȱtoȱtheseȱ
dataȱbyȱtheȱgammaȱfunctionȱdistributions.ȱTheȱverticalȱdashedȱlinesȱindicateȱtheȱlowerȱboundaryȱ
forȱfittingȱadoptedȱforȱtheȱsolarȱflareȱdataȱ(3.8×1030ȱergȱofȱradiatedȱenergy)ȱandȱforȱtheȱstellarȱflareȱ
dataȱ(3×1034ȱerg).ȱ

ȱ

Theseȱresultsȱdependȱonȱtheȱassumedȱvaluesȱofȱtheȱlowerȱboundaryȱofȱdataȱforȱfitting.ȱ
Ref.ȱ[19]ȱproposesȱthatȱtheȱvalueȱofȱtheȱlowerȱboundaryȱmayȱalsoȱbeȱselectedȱbyȱminimizȬ
ingȱtheȱKȬSȱmetric,ȱbutȱitȱseemsȱthatȱnoȱconsensusȱhasȱbeenȱobtainedȱyetȱ[39,ȱ40].ȱInȱourȱ
studiedȱcases,ȱtheȱturningȱdownȱofȱtheȱdistributionsȱtowardȱsmallerȱflaresȱisȱdueȱtoȱtheȱ
detectionȱlimits;ȱsmallȱsolarȱflaresȱareȱnotȱrecognizedȱasȱflaresȱwhenȱtheȱbackgroundȱlevelȱ
risesȱinȱtheȱactivityȱmaximumȱperiodȱofȱtheȱSun’sȱelevenȬyearȱactivityȱcycle.ȱInȱtheȱcaseȱofȱ
stellarȱflares,ȱweakȱflaresȱinȱmoreȱdistantȱstarsȱmayȱbeȱmissed.ȱOnȱtheȱotherȱhand,ȱifȱweȱ
setȱtheȱboundaryȱtoȱaȱveryȱlargeȱvalue,ȱweȱwillȱbeȱleftȱwithȱonlyȱaȱsmallȱnumberȱofȱsamples.ȱ
OurȱpresentȱapproachȱisȱtoȱfindȱaȱcompromiseȱsoȱthatȱtheȱsamplesȱareȱwellȱaboveȱtheȱdeȬ
tectionȱlimitȱandȱstillȱaȱlargeȱnumberȱofȱsamplesȱisȱretained.ȱItȱisȱdesirableȱthatȱmoreȱsubȬ
jectiveȱmethodsȱareȱdeveloped.ȱItȱmayȱalsoȱbeȱusefulȱtoȱanalyzeȱdataȱonȱflaresȱfromȱindiȬ
vidualȱstarsȱratherȱthanȱusingȱaȱcompositeȱdataȱmadeȱofȱmanyȱstarsȱasȱweȱdidȱinȱthisȱstudy.ȱ

5.ȱConclusionsȱ
FromȱtheȱanalysisȱofȱsoftȱXȬrayȱdataȱofȱtheȱGOESȱsatellites,ȱweȱfoundȱthatȱtheȱdistriȬ

butionȱfunctionsȱofȱsolarȱflareȱfluenceȱareȱsuccessfullyȱmodeledȱbyȱtaperedȱpowerȱlawȱorȱ
gammaȱfunctionȱdistributionsȱwhoseȱpowerȱexponentȱisȱslightlyȱsmallerȱthanȱ2,ȱindicatingȱ
thatȱtheȱtotalȱenergyȱofȱtheȱflareȱpopulationsȱisȱmostlyȱcontributedȱfromȱaȱsmallȱnumberȱ
ofȱlargeȱflares.ȱTheȱtaperingȱoffȱofȱtheȱdistributionȱisȱstatisticallyȱsignificantȱandȱtheȱpowerȱ
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lawȱfitȱisȱrejected.ȱTheȱlargestȱpossibleȱflaresȱinȱ1000ȱyearsȱareȱpredictedȱtoȱbeȱaroundȱX46,ȱ
orȱX69ȱifȱweȱallowȱoneȬsigmaȱerrorsȱinȱtheȱderivedȱparameters.ȱTheȱupperȱlimitsȱofȱX224ȱ
(X374ȱifȱoneȱallowsȱoneȬsigmaȱerrors)ȱareȱderivedȱevenȱbyȱconsideringȱtheȱlifetimeȱofȱtheȱ
solarȱsystem.ȱ

SimilarȱtreatmentȱwasȱappliedȱtoȱflaresȱfromȱsolarȬtypeȱstars.ȱTheyȱwereȱfittedȱbyȱaȱ
gammaȱ functionȱdistributionȱ (theȱpowerȱ lawȱ isȱ rejected),ȱbutȱ theirȱpowerȱ exponentȱ isȱ
aroundȱ1.05,ȱsmallerȱthanȱtheȱsolarȱflareȱcaseȱ(aroundȱ1.95).ȱTherefore,ȱtheȱstellarȱflareȱdataȱ
analyzedȱhereȱdoȱnotȱconnectȱtoȱtheȱenergyȱdistributionȱfunctionȱofȱsolarȱflares.ȱItȱwouldȱ
beȱinterestingȱtoȱseeȱhowȱtheȱdistributionȱfunctionsȱdifferȱamongȱsolarȬtypeȱstarsȱwithȱdifȬ
ferentȱeffectiveȱtemperaturesȱandȱrotationȱperiods.ȱ

ȱ

SupplementaryȱMaterials:ȱTheȱdataȱsetsȱweȱusedȱinȱtheȱpresentȱanalysisȱareȱavailableȱatȱ

http://solarwww.mtk.nao.ac.jp/sakurai/tar/goesfluence_datalist.zipȱ

http://solarwww.mtk.nao.ac.jp/sakurai/tar/goesflux_datalist.zipȱ

forȱtheȱflareȱfluenceȱaboveȱ5×10±5ȱJȱm±2ȱ(1997Ȭ2020)ȱandȱpeakȱfluxȱaboveȱ1×10±7ȱWȱm±2ȱ(1980Ȭ2020),ȱ
respectively.ȱ

Funding:ȱThisȱresearchȱwasȱsupportedȱbyȱJSPSȱKAKENHIȱGrantȱnumbersȱJP15H05816ȱandȱ
JP20K04033.ȱ

DataȱAvailabilityȱStatement:ȱTheȱGOESȱflareȱpeakȱfluxȱdataȱareȱavailableȱatȱ

https://www.ngdc.noaa.gov/stp/spaceȬweather/solarȬdata/solarȬfeatures/solarȬflares/xȬ
rays/goes/xrs/ȱ
forȱtheȱyearsȱ1975Ȭ2016,ȱandȱatȱ

tftp://ftp.swpc.noaa.gov/pub/warehouse/ȱ

forȱ2017ȱandȱlater.ȱTheȱfluenceȱdataȱareȱincludedȱinȱtheseȱdataȱafterȱ1997.ȱTheȱXȬrayȱbackgroundȱdataȱ
forȱtheȱyearsȱ1983Ȭ2011ȱareȱgivenȱinȱ

ftp://ftp.ngdc.noaa.gov/STP/SOLAR_DATA/SATELLITE_ENVIRONMENT/Daily_FluȬ
ences/Fluence.ȱ

Theȱbackgroundȱdataȱforȱ2011Ȭ2019ȱareȱavailableȱatȱ

https://satdat.ngdc.noaa.gov/sem/goes/data/science/xrs/ȱ

andȱatȱ

https://data.ngdc.noaa.gov/platforms/solarȬspaceȬobservingȬsatellites/goes/ȱ

forȱ2020.ȱTheȱbackgroundȱvaluesȱbetweenȱ1983ȱMarchȱandȱ1987ȱwereȱcalculatedȱfromȱtheȱ1Ȭminuteȱ
intensitiesȱgivenȱatȱ

https://satdat.ngdc.noaa.gov/sem/goes/data/avg.ȱ

TheȱdataȱonȱstellarȱflaresȱdiscussedȱinȱSectionȱ4ȱareȱprovidedȱbyȱ[38]ȱatȱtheȱfollowingȱURL.ȱ

https://cfnȬliveȬcontentȬbucketȬiopȬorg.s3.amazonaws.com/journals/0004Ȭ637X/906/2/72/reviȬ
sion1/apjabc8f5t2_mrt.txt?AWSAccessKeyId=AKIAYDKQL6LTV7YY2HIK&ExȬ
pires=1663922680&Signature=f9%2B%2FXGkDmwCeg2WIQr6XrGm8l80%3Dȱ

ȱ

Acknowledgments:ȱTheȱauthorȱwouldȱlikeȱtoȱthankȱShinȱToriumiȱforȱdiscussion.ȱItȱisȱaȱgreatȱpleasȬ
ureȱforȱtheȱauthorȱtoȱexpressȱappreciationsȱtoȱMarcelȱGoossensȱforȱhisȱhospitalityȱduringȱtheȱauthor’sȱ
visitȱtoȱKUȱLeuvenȱinȱ1989ȱthatȱledȱtoȱaȱcoupleȱofȱjointlyȬwrittenȱpapers.ȱ

ConflictsȱofȱInterest:ȱTheȱauthorȱdeclaresȱnoȱconflictȱofȱinterest.ȱ

ȱ ȱ



Physicsȱ2022,ȱ4,ȱFORȱPEERȱREVIEWȱ ȱ 12ȱ
ȱ

ȱ

AppendixȱAȱ
Veronigȱetȱal.’sȱ[17]ȱparametersȱofȱpowerȬlawȱfitsȱshownȱinȱFigureȱ5ȱare,ȱforȱflareȱfluȬ

ence;ȱN=8400,ȱ Θobs=4ȱ years,ȱ Į=2.03,ȱ andȱ F0=2x10±3ȱ Jȱm±2.ȱ Forȱ flareȱ peakȱ flux,ȱNp=49409,ȱ
Θobs,p=25ȱyears,ȱF0p=2x10±6ȱWȱm±2,ȱand Į=2.11.ȱ

AppendixȱBȱ
Gopalswamy’sȱ [33]ȱparametersȱofȱWeibullȱdistributionȱ fitȱ shownȱ inȱFigureȱ 5ȱ are;ȱ

Np=55285,ȱΘobs,pȱ=48ȱyears,ȱF0p=9.1x10±7ȱWȱm±2,ȱk=0.167,ȱandȱȕ=3.77.ȱ
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